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Abstract

While attention-based models have demonstrated the remarkable ability of in-context learn-
ing, the theoretical understanding of how these models acquired this ability through gradient
descent training is still preliminary. Towards answering this question, we study the gradient
descent dynamics of multi-head linear self-attention trained for in-context linear regression.
We examine two parametrizations of linear self-attention: one with the key and query weights
merged as a single matrix (common in theoretical studies), and one with separate key and query
matrices (closer to practical settings). For the merged parametrization, we show the training dy-
namics has two fixed points and the loss trajectory exhibits a single, abrupt drop. We derive an
analytical time-course solution for a certain class of datasets and initialization. For the separate
parametrization, we show the training dynamics has exponentially many fixed points and the
loss exhibits saddle-to-saddle dynamics, which we reduce to scalar ordinary differential equa-
tions. During training, the model implements principal component regression in context with
the number of principal components increasing over training time. Overall, we characterize how
in-context learning abilities evolve during gradient descent training of linear attention, reveal-
ing dynamics of abrupt acquisition versus progressive improvements in models with different
parametrizations.

1 Introduction

Self-attention-based models, such as transformers (Vaswani et al. 2017), exhibit a remarkable ability known
as in-context learning (Brown et al. 2020). That is, these models can solve unseen tasks based on exemplars
in the context of an input prompt. In-context learning is critical to the flexibility of large language models,
allowing them to solve tasks not explicitly included in their training data. However, it remains unclear how
architectures like self-attention acquire this ability through gradient descent training.

Seminal work by Olsson et al. (2022) identified an intriguing trait of the training dynamics of in-context
learning: the in-context learning ability often emerges abruptly, coinciding with an abrupt drop in loss
during training. This abrupt learning phase can reflect the formation of an induction head in the in-context
learning setting (Olsson et al. 2022; Reddy 2024; Singh et al. 2024; Edelman et al. 2024), and also occur
more broadly in transformer training dynamics, such as during grokking (Nanda et al. 2023), extracting
syntactic relations (A. Chen et al. 2024), learning a new step in a multi-step task (Hoffmann et al. 2024), and
learning a higher-order interaction among input tokens (Rende et al. 2024). Furthermore, Singh et al. (2023)
found that in-context learning may often be a transient ability that the transformers acquire and then lose
over the course of long training time, a phenomenon that has since been reproduced in many settings (He et
al. 2024; Anand et al. 2024; B. Chan et al. 2024; Nguyen and Reddy 2024; Park et al. 2024). These findings
underscore the importance of understanding not only the in-context learning ability in trained models, but
also its full training dynamics.



This work aims to provide a theoretical description of how the in-context learning ability evolves in gradient
descent training. To do so, we consider the increasingly common setup of linear self-attention' (Von Oswald
et al. 2023) trained on an in-context linear regression task (Garg et al. 2022). The in-context linear regression
task, in which the model needs to perform linear regression on the data in context, is a canonical instantiation
of in-context learning (Garg et al. 2022; Akyiirek et al. 2023; Von Oswald et al. 2023; Ahn et al. 2023). The
linear attention model, which has been used in many prior studies (Schlag et al. 2021; Von Oswald et al.
2023; Ahn et al. 2023; Zhang et al. 2024a; Wu et al. 2024; Fu et al. 2024; Mahankali et al. 2024; Duraisamy
2024; Yingcong Li et al. 2024; Yau et al. 2024; Lu et al. 2024; Abedsoltan et al. 2024; Frei and Vardi 2024),
reproduces key optimization properties of practical transformers (Ahn et al. 2024) and is more amenable to
theoretical analysis. Importantly, despite its name, linear attention is a nonlinear model, as it removes the
softmax operation but is still a nonlinear function of the input.

We study two common parametrizations of multi-head linear attention:

(1) ATTNy, linear attention where the key and query matrices in each head are merged into a single
matrix, a reparametrization procedure widely used in theoretical studies on transformers (Ahn et al.
2023; Tian et al. 2023; Ataee Tarzanagh et al. 2023; Zhang et al. 2024a,b; Siyu Chen et al. 2024a; Wu
et al. 2024; Kim and Suzuki 2024; Y. Huang et al. 2024a; Ildiz et al. 2024; Ren et al. 2024; Tarzanagh
et al. 2024; Vasudeva et al. 2024; Lu et al. 2024; Sitan Chen and Yuanzhi Li 2024; Julistiono et al.
2024; Yau et al. 2024; Anwar et al. 2024);

(i) ATTNsg, linear attention with separate key and query matrices, which is closer to the implementation
of attention in real-world transformers (Vaswani et al. 2017).

We specify the fixed points in the loss landscapes, as well as how gradient descent training dynamics tra-
verses the landscape. Our findings are summarized as follows.

* We find two fixed points in the training dynamics of AT TNy, and exponentially many fixed points in
that of AT TNg.

* We show a single, abrupt loss drop in training AT TNy from small initialization and derive an analyti-
cal time-course solution when the input token covariance is white. We show saddle-to-saddle training
dynamics in training AT TNg from small initialization and reduce the high-dimensional training dy-
namics to scalar ordinary differential equations through an ansatz. We demonstrate the rank of the
separate key and query weights affects the dynamics by shortening the duration of certain plateaus.

* We identify the in-context algorithm of the converged and early stopped models. When AT TNy and
ATTNg are trained to convergence, they approximately implement least squares linear regression in
context. When the training of AT TNg early stops during the (m + 1)-th plateau of loss, it approxi-
mately implements principal component regression in context with the first m principal components.

* As a tool for our analysis, we show that when trained on in-context linear regression tasks, AT TNy
is equivalent to a two-layer fully-connected linear network with a cubic feature map as input, and
ATTNg is equivalent to a sum of three-layer convolutional linear networks with the same cubic feature
map as input.

Comparing the two models, we find that the in-context learning ability evolves differently in them: AT TNy
acquires the in-context linear regression ability through one abrupt loss drop, while AT TNg acquires this
ability by progressively improving on in-context principal component regression. This makes a theoretical
case for the progressive acquisition of in-context learning in gradient descent training. Our results also reveal
how parametrization, such as merged versus separate key and query and the rank of the separate key and

"We will refer to linear self-attention as linear attention throughout this paper.



query weights, impacts the loss landscape and training dynamics. This motivates future research to take the
parametrization factor into account when studying the landscape and dynamics of attention models.

2 Preliminaries

Notation. Non-bold small and capital symbols are scalars. Bold small symbols are column vectors. Bold
capital symbols are matrices. ||-|| denotes the £2 norm of a vector or the Frobenius norm of a matrix. vec(-)

. . L 1
represents flattening a matrix to a column vector by stacking its columns. For example, vec 9 4| =
T . . :
[1 2 3 4] .Weusei=1,---, H to denote the index of an attention head, u = 1, - - - , P to denote the
index of a training sample, andn = 1,--- | N to denote the index of a token within a sample.

2.1 In-Context Linear Regression Task

We study a standard in-context learning task of predicting the next token. The input is a sequence
{z1,y1,22,92, - , &N, YN, T4} and the desired output is y,. We refer to x, as the query token,
{x1,y1,22,92, - ,&N,yn} as the context, and N as the context length. By convention (Ahn et al. 2023;
Zhang et al. 2024a,b; Siyu Chen et al. 2024a; Y. Huang et al. 2024a), the input sequence is presented to the
model as a matrix X, defined as

x - [Tt T2 0 TN Ty GR(D-H)X(N—H)’ (1
v1 y2 - yn O
where 1, - , N, x4 ceRPandyy, - ,yny €R.

We are given a dataset {X,, y%q}fj _, consisting of P samples. All x tokens are independently sampled
from a D-dimensional zero-mean normal distribution with covariance A,

Tyn,Tug~N(0OA), n=1,--- N, p=1,---,P. 2)

We consider the in-context linear regression task, where the ¥, in context and the target output y, are
generated as a linear map of the corresponding x,, and x, (Garg et al. 2022). For each sequence X, we
independently sample a task vector w,, from a D-dimensional standard normal distribution

wMNN(OrI)a M:17"'7P7 (3)
and generate
— o | — oy | _ _
Yun = W, Lun, Yuq = W, Tpq, n=1-- N,pu=1,--- P 4)

Note that the task vector w),, is fixed for all tokens in one sample sequence but varies across different samples,
and is independent of the tokens @, 1, , T, N, Ty q.

2.2 Multi-Head Self-Attention

A standard multi-head softmax self-attention layer (Vaswani et al. 2017) takes matrix X as input and returns
a matrix of the same size,

H XTWE wex
t : ; (5

ATTN(X) = X + > W, Xsoftmax
: p
i=1



where H is the number of heads, p is a scaling factor, and Wiv, VViK , WZQ are the trainable value, key, and
query matrices in the ¢-th head. The prediction for y, is the bottom right entry of the output matrix:

Ug = ATTN(X) p1,N+1- ©6)

In this work, we consider multi-head linear self-attention, where we remove the softmax operation and take
p = N. Specifically, we study two common parametrizations of linear attention: (i) linear attention with
merged key and query introduced in Section 2.3 and analyzed in Section 3; (ii) linear attention with separate
key and query introduced in Section 2.4 and analyzed in Section 4.

2.3 Multi-Head Linear Attention with Merged Key and Query

The multi-head linear attention AT TNy with the key and query matrices merged as a single matrix W& Twe =
WEQ computes

H
1
ATTNM(X) =X + ) NWZ-VXXTWiKQX
=1

ul L (ol Ty L ‘
x4y [ [P S]] [T ] x
i=1 Ui Ui N Zn YnZy, N Zn Yn u *

where we write the value matrix VViV and the merged key-query matrix VVZ-KQ as block matrices,

v _ | * * KQ U,
W=l o) el )

The blocks have dimensionalities v; € RP, v; € R, U; € RP*P u; € RP. The * blocks denote entries that
do not contribute to the computation of ATTN(X)p41,n41. With the block matrix notations, the bottom
right entry of ATTNy (X)) is

H 1 T T 1
L 3,y )y 2 ayn| [Ui] [
ATTNM (X => [v/ w N(mqqu o SR
M(X)D41,N+1 2 v, ] [ LS ) L3 2 | ul] |0 (N

7
Following Ahn et al. (2023), Zhang et al. (2024a), Kim and Suzuki (2024), and Y. Huang et al. (2024a), we
initialize v;, u; = 0 as they are not required for this model to achieve global minimum loss on the in-context
linear regression task. When v; and u; are initialized to zero, they will remain zero throughout training (see
Appendix C.1). With the reduction v;, u; = 0, the multi-head linear attention with merged key and query
matrices computes

H

ATTNM(X)pranir = Y viB Uiy, (M)
=1

where 3 denotes the correlation between x,, and y,, in context,

B

1 N
n=1



2.4 Multi-head Linear Attention with Separate Key and Query

In multi-head attention with separate key and query matrices, we follow the standard practice (Vaswani et al.
2017) of using low-rank key and query matrices where the rank R < D. Additionally, we enforce RH > D
to prevent expressivity limitations from affecting the behaviors we study.> The multi-head linear attention
ATTNg with separate rank-R key and query matrices computes

H
ATTNs(X) =X + ) %WiVXXTWlKTVViQX

i=1
T
H q;; *
=X + Z [ *T *:| I:]{f (wqrf;]r + Zn _asnw;ll—) %lzn anyn:| I:ki,l T kivR:| Z
—~ v i N 2n YnTn N2n¥n | Lkin o Kir|| %
B qr *
where we write the value, key, and query weights in block form,
ki ki al,
* *
WY:{T ]’Wf% RN A
v, - : Lo
ki,R kiR qr *

The blocks have dimensionalities v;, k; » € R and v;, ki, q;r € RD. Similarly to the case with merged
key and query, we initialize v; = 0, k; ,, = 0; they will remain zero throughout training (see Appendix E.1).
With v; = 0 and k;, = 0, the multi-head linear attention with separate rank-one key and query matrices
computes

H qi—,rl H R
ATTNs(X)py1nt1 = Z viB" [kin - kig] | @ |xg= Z Z Ui/BTki,rq;,rr$Qa (S)
P T =1 r—1
9 r

where 3 is the input-output correlation in context defined in Equation (8). The expression of Equation (S)
already reveals interesting insight. It implies that linear attention with H heads and rank-R key and query
differs from linear attention with RH heads and rank-one key and query only in the sharing of certain value
weights.

2.5 Gradient Flow Training Dynamics

We train the multi-head linear attention model with gradient descent on mean square error loss. We consider
the population loss, that is the limit of infinite training samples, P — oo,

P
.1 N .
L= lim = Z(yu,q - yu7q)2 =E(yq — yq)2 : €))

P—oo P
p=1

We analyze the gradient flow dynamics on the loss, given by
dwW 1 0L a7,
- - =2 _R& — ) —2L 10
Tat T 20w {(yq ba) aW] ! (10)

where 7 is the time constant. The gradient flow dynamics captures the behavior of gradient descent in the
limit of an infinitesimal learning rate.

’In practice, usually RH = D.



Linear Attention

rr -1

|::1:1 Ty - TN mq:|
yi Y2 - yv O

0 ; .
0 2000 4000 6000
Training steps ¢

Figure 1: Multi-head linear attention with merged key and query AT TNwm (X )p1, N1 is equivalent to a
two-layer fully-connected linear network with cubic feature input MLP(z). Left: Schematic of the equiva-
lence. Right: Loss trajectories of linear attention and the fully-connected linear network match well. The
two models are trained with the same data and initialization. Both exhibit the characteristic abrupt loss
drop documented by prior work on the in-context learning dynamics in linear (Von Oswald et al. 2023) and
softmax attention (Singh et al. 2024). Here D = 4, N = 32, H = 8.

3 Linear Attention with Merged Key and Query

We first study multi-head linear attention with the key and query matrices merged as a single matrix, as
described by Equation (M).

3.1 Equivalence to Two-Layer Fully-Connected Linear Networks

The H-head linear attention with input sequence X defined in Equation (M) can be viewed as a two-layer
width-H fully-connected linear network with a cubic feature z(X) as input,

H H
ATTNW(X) D1 = DB Uy = 5 vivec(U) vee (Bz, | = wi Wiz = MLP(2), (1)
=1

1=1

where
o vec(Up) T
w0, — 1):2 W= VeC(:UQ)T | 2(X) = vec <Bqu> . (12)
U'H vec(.UH)—r

The blue expression in Equation (11) can be understood through the definition of the quadratic form BTUia:q.
The feature z € RP”, whose entries are cubic functions of the entries in the original sequence X, is the
input to the equivalent two-layer fully-connected linear network. The stacked value weights correspond
to the second-layer weights wy € R of the fully-connected linear network. The stacked merged key-
query weights correspond to the first-layer weights W; € RH¥*P ? of the fully-connected linear network. A
schematic of this equivalence is given in Figure 1.

The somewhat surprising and useful fact here is that the linear attention in this regime is equivalent to a
Sfully-connected linear network (with cubic features of X as input). It is evident that the linear attention is a
cubic function of X given its definition in Equation (M), while it is less evident that the cubic function is a
fully-connected linear network of z(X). This equivalence draws a connection between the well-established
fully-connected linear network and the more recent attention model, enabling us to apply the theoretical
machinery of the former to the latter.



3.2 Loss Landscape: Two Fixed Points

The gradient flow training dynamics of the linear attention or the equivalent two-layer fully-connected linear
network given in Equation (11) is

W, = wsy (E (yqu) — w2TW1E (zzT>> , (13a)
Ty = Wi (E (yqu> —w] WiE (zzT>)T. (13b)

There are two manifolds of fixed points in this dynamical system: one is the unstable fixed point at zero,
denoted M, and the other is a manifold of stable fixed points at the global minimum, denoted M.,

My = {wy =0, W; =0} (14a)

M, = {wQ, Wilw] Wi =E (yqu) E <zzT)1} (14b)

3.3 Training Dynamics: An Abrupt Drop in the Loss

We have shown the linear attention defined in Equation (M) is equivalent to a fully-connected linear network
with cubic feature input. Since this equivalence holds at the level of the computation of the model, the
equivalence applies to the training dynamics with any initialization and optimizer. Here we discuss the
training dynamics of gradient flow from small initialization, commonly referred to as the rich learning
regime (Woodworth et al. 2020).

With small initialization, the network is initially near the unstable fixed point, M, at zero. As training
progresses, the network escapes from the unstable fixed point, and subsequently converges to a stable fixed
point on the global minimum manifold, M.,. The time it takes to escape from the unstable fixed point
is approximately ﬁ In ﬁ where the initialization scale wjy; is the initial /2 norm of a layer (see Ap-
pendix C.6.1). Because the time to escape from the unstable fixed point starting from small initialization is
long, the loss exhibits an initial plateau followed by an abrupt drop, as validated by simulations in Figure 1.
In particular, when the input token covariance is white A = I and the initialization is infinitesimally small,
we derive an analytical time-course solution in Appendix C.5 exploiting the equivalence between linear
attention and linear networks (Saxe et al. 2014) and obtain

ATTNm(X ;) prins1 = o(t)B @, whereo(t) =

Since o(t) is a rescaled and shifted sigmoid function, the weights and the loss trajectories have sigmoidal
shapes, characterized by a plateau followed by a rapid drop.

3.4 In-Context Algorithm: Least Squares Regression

When the linear attention model converges to the global minimum manifold M, at the end of training, the
model implements

A+tr(A)I

-1
N > T4, (16)

ATTNM(X)pyinv+1 =E (yqu> E (zzT>_l z=p0" (A +

where the first equality follows directly from Equations (11) and (14b) and the second equality is proved
in Appendix C.4. Equation (16) reveals an intriguing duality: the linear regression solution in the cubic



feature space of z is the in-context linear regression solution in the original space of the x,, y,, token pairs
in a sequence X. The middle expression in Equation (16) is the linear regression solution of fitting 1, 4
with z,, for all training sequences y4 = 1,--- , P. The last expression in Equation (16) is approximately the
in-context linear regression solution, which fits y,, , with x u,n(” =1,---,N) for each sequence X u- The
approximation is exact when the sequence length NV is large:

A+ tr(A)I

~1
~ ) Ty = ,BTA_l.:vq.

lim 387 <A +
N—o0
Here 3 is the x,y correlation in a sequence X, and A is the covariance of all x tokens in all training
sequences, which approximates the covariance of x in each individual sequence.

3.5 Conservation Law: All Heads Are Parallel

The weights in a fully-connected linear network are known to obey a conservation law during training
(Fukumizu 1998; Saxe et al. 2014; Du et al. 2018; Ji and Telgarsky 2019)

% (waw; - W1W1T> —0, 17)
which follows directly from the gradient flow dynamics in Equation (13). Under small initialization, the
quantity ’wgw; - W WlT ~ 0 is small at initialization and remains small throughout training. Since the
vector ws is rank-one, the conservation law forces Wi to also be approximately rank-one, which means
that the rows of W are approximately parallel. Since each row of W7 is the vectorized merged key-query
matrix of a head, vec(U;), a rank-one W implies that the key-query weight matrices of all heads are
parallel, differing only in scale. As shown in Figure 6, simulations indeed show that the key-query weights
in different heads are parallel.

4 Linear Attention with Separate Rank-One Key and Query

We now study multi-head linear attention with separate low-rank key and query matrices. Because the rank-
one case captures most of the behaviors of the general rank-R case, we focus on the rank-one case in this
section and defer the rank-R case to Section 5. When R = 1, the model definition in Equation (S) simplifies
to

H
ATTNs(X)pi1nvi1 = Y viB' kig o, (18)

=1

4.1 Equivalence to Three-Layer Convolutional Linear Networks

The single-head linear attention with separate rank-one key and query can be viewed as a convolutional
linear network with the cubic feature z defined in Equation (12) as input, and the multi-head case is a sum
of such convolutional linear networks. Specifically, Equation (18) can be rewritten as a sum of H three-layer
convolutional linear networks

T T T
k!l 0], ... 0]
H o) k/ ... 0] )
ATTNS(X)D+1,N+1 = Z’Uz‘q;rKiz, where Kz = ‘ S RDXD .
Z:1 . . . .
0, 0, ... k'
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Figure 2: Multi-head linear attention with separate rank-one key and query AT TNg(X) py1 n+1 is a sum of
H (number of heads) three-layer convolutional linear networks with the cubic feature z as input. Here we

. .. T T
take D = 3 to avoid clutter. Entries in the vectors are denoted as ¢, = [a:é, ajg, wg} , B = [ﬁ L 52 ﬂ?’] .

The matrix K is a convolutional matrix with kernel size D and stride D. A schematic of this three-layer
convolutional linear network is provided in Figure 2. We do not explicitly use the equivalence to linear
convolutional networks in our derivations, but it provides intuition and may be of independent interest to
studies on the geometry of linear convolutional networks (Kohn et al. 2022, 2024a,b) and attention (Henry
et al. 2024).

When the number of heads satisfies H > D, the linear attention with separate rank-one key and query,
ATTNg(X), can express any linear map of z(X ) and has the same expressivity as linear attention with
merged key and query, AT TNy (X). However, the two models, AT TNy and AT TNg, correspond to multi-
layer linear networks with different connectivity and depths, resulting in different loss landscape (Kohn et al.
2022, 2024a) and training dynamics (Saxe et al. 2014, 2019), which we discuss next.

4.2 Loss Landscape: Exponential Number of Fixed Points

The gradient flow training dynamics of linear attention with separate rank-one key and query, derived in
Appendix D.2, is given by

H
T =k (A2 _E (A2> > vikia) A) g, (192)
T
. H
Tk = v; <A2 _E <A2> S vikia) A) g, (19b)
i'=1
H
B — <A2 ~ A vikiglE <A2>> k;, (19¢)
i'=1
where A represents the covariance of tokens {x,}N_, in context and the expectation of AZis
1 & ’ A+tr(A)I
A2) — T) _ a2 t+tr
E(A):E(N;mnmn) = A%+ A (20)

This dynamical system contains 2" fixed points in the function space of ATTNg(X) D+1,N+1. We specify
the fixed points below and prove the validity of them in Appendix D.3.



Let A1, - - -, Ap be the eigenvalues of covariance matrix A arranged in descending order, and e1,--- ,ep be
the corresponding normalized eigenvectors. We use M (S,,,) to denote a set of fixed points that correspond
to learning m (m = 0,1, --- |, D) out of the D eigenvectors,

M(Sp) = {vi.i, k1.1, q1.1 |conditions (C1)-(C3) are met } 1)
where the set S, specifies the indices of the learned eigenvectors,
Sm C{1,2,--- D}, |[Sn| =m. (22)

The three conditions for Equation (21) are:

(C1) The heads sum up to fit the eigenvectors with indices in set S,

H -1

1 A
E vik,-qiT = E )\;1 <1++tr( )/)\d> ede;. (23)
i=1

N
deSm

(C2) For heads with a nonzero value weight, v; # 0, both k; and g; lie in the span of {e4}4cs,, -
(C3) For heads with a zero value weight, v; = 0, at least one of k; or g; lies in the span of {e4}4ecs,, -

Since there are (7?1 ) possible ways of choosing m out of D indices to define S, in Equation (22), the total
number of possible choices summed over m = 0,--- , D is Zﬁzo (ﬁ) = 2P Each choice corresponds to
a different condition (C1) in Equation (23) and thus a different function, ATTNg(X ) p41 n+1. Therefore,
the gradient flow dynamics in Equation (19) has 27 fixed points in the function space.

In comparison with Section 3.2 where there were two fixed points in the dynamics of linear attention with
merged key and query, there are now 2° fixed points for linear attention with separate key and query. The
two fixed points for linear attention with merged key and query in Equation (14) are contained in the 27
fixed points in the separate case: the zero fixed point in Equation (14a) corresponds to M(Sy), i.e., learning
no eigenvector; the global minimum fixed point in Equation (14b) corresponds to M(Sp), i.e., learning all
D eigenvectors.

4.3 Training Dynamics: Saddle-to-Saddle Dynamics

Building on the exponentially many fixed points we have identified, we now analyze which fixed points are
actually visited in gradient flow training and in what order. We find that starting from small initialization,
the model visits (D + 1) out of the 2” fixed points and exhibits saddle-to-saddle dynamics.

With small initialization, the model is initially near the unstable zero fixed point, My = M(@). As training

progresses, the model sequentially visits the fixed points in M1, Mg, -+, Mp where
My = M({1}),

My = M({1,2}),

Mp = M({1,2,---,D}).

That is, the model trained from small initialization sequentially learns to fit the first eigenvector (the eigen-
vector of A with the largest eigenvalue), the second eigenvector, and so on. As shown in Figure 3a, the loss
goes through D abrupt drops in training, each corresponding to the transition from one fixed point to the
next. The abrupt drops of loss are separated by plateaus, during which the model lingers in an unstable fixed

10
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Figure 3: Multi-head linear attention with separate rank-one key and query exhibits saddle-to-saddle dy-
namics. (a) The loss trajectory has D abrupt drops, separated by plateaus (six runs from different random
initialization are plotted). The loss at each plateau matches our theoretical prediction in Equation (24)
(dashed gray lines). (b) The value weight v; in each head for one of the runs in (a) is plotted in solid blue
curves. The numerical solutions of v; from Equation (26) are plotted in dashed blue curves and match the
simulations well. The shades of blue distinguish different heads. (c) The key weights during the loss plateau
are plotted in color. When the model moves from one fixed point to the next, the key weight in a head k;
aligns with a new eigenvector of the input token covariance A. The key weights k;.4 and the eigenvectors
€ej.4 are rows in the heatmaps. A video of the dynamics is provided at URL. Here D = 4, N = 32, H =5,
and A has eigenvalues 0.4, 0.3, 0.2, 0.1 and eigenvectors as plotted in (c).

point. Because the time required for a head to learn the eigenvector e; from small initialization scales with
)\;2 (see Appendix D.6), an eigenvector associated with a larger eigenvalue is learned faster. This explains
why the model learns to fit the eigenvectors sequentially in descending order of the eigenvalues, as well as
why we empirically see the later plateaus last longer in Figure 3a.

When the model is at a fixed point in M,,,, we compute the loss in Appendix D.4 and obtain

-1
1+tr(A)/)\d> | o

L(Mpm) =tr(A) =) N\ (1 + N
d=1

Equation (24) is highly interpretable in the limit of a large sequence length N. The loss, £(M,, ), is the sum
of the eigenvalues associated with the remaining unlearned eigenvectors

D

N—o0

lim L(Mp) =tr(A) =) A Ad.
d=1 +1

d=m

Thus, the loss decreases by the amount of approximately A, during the m-th abrupt loss drop. We plot
Equation (24) as dashed gray lines in Figure 3a and find they match the plateaus of simulated loss trajectories
well.

When the model reaches M,,, from small initialization, its weights take on a highly structured form, which
is a specific instance of the general definition in Equation (21). As shown in Figure 3c, the key and query
weights in a head grow in scale and align with a new eigenvector of the input token covariance A during
each abrupt loss drop. Based on simulations in Figure 3 and derivations in Appendices D.5 and D.6, we
propose an ansatz that during the (m + 1)-th plateau and the subsequent abrupt drop of loss (0 < m < D),
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the weights are approximately given by?

1

L 1 A/
ki =q; =vie;, v =\, ® <1++t§\(])/l> , 1 <i<m, (25a)
ki =q; =vi(t)em+1, i=m+1, (25b)
ki=q =0,v;=0, m+2<i<H, (25¢)

where vy,41(t) is small during the (m + 1)-th loss plateau and will grow during the (m + 1)-th abrupt
loss drop. Equation (25) implies that the /2 norms of v;, k;, q; in a head are equal, which is a consequence
of small initialization and the conservation law in Equation (79). With this ansatz, the high-dimensional
training dynamics during the (m + 1)-th plateau and the subsequent abrupt drop of loss reduces to an
ordinary differential equation about vy, 41 (¢):

i=m+1. (26)

Thi = Ay 107 — A1 <1 + Lt tr(A)/)\erl) v;

N i

Equation (26) is a separable differential equation but does not admit a general analytical solution of v,,,+1(t)
in terms of ¢ (see Equation (67)). Nonetheless, it greatly simplifies the high-dimensional dynamics in Equa-
tion (19) and provides a good approximation of the true dynamics: during each plateau and the subsequent
abrupt loss drop, weights in one of the heads grow in scale with the key and query weights aligning with the
next eigenvector, while the rest of the heads remain approximately unchanged. In Figure 3b, we compare the
numerical solution of Equation (26) with the value weights trajectories in the simulation and find excellent
agreement.

In summary, the loss trajectory of linear attention with separate rank-one key and query trained from small
initialization exhibits D abrupt drops, each followed by a plateau. The amount of the m-th abrupt loss drop
(1 £ m < D) is approximately the eigenvalue \,,, during which the key and query weights in an attention
head grow in scale and align with the eigenvector e,,.

4.4 In-Context Algorithm: Principal Component Regression

When the linear attention model is at a fixed point in M,,, based on Equation (23), the model imple-
ments

1 +tr<A>/Ad>1 .

ATTNs(X)pyini1 =8" Z At (1 + N eqe, . (27)
d=1

In the limit of a large sequence length N, Equation (27) simplifies and can be interpreted as principal
component regression in context with m principal components

m m
]\}im ATTNs(X)p4+1,n41 = w' A Z /\Jledegwq =w' Z ede;wq.
—00

d=1 d=1

Here w is the task vector for the sequence X, and >_" | ede;—xq is query input x, projected onto the
first m principal components. Hence, if training stops during the (m + 1)-th plateau, the linear attention
approximately implements the principal component regression algorithm in context with m principal com-
ponents.

3We trivially permute the heads so that the head aligned with the d-th eigenvector have index d. The signs of any two among
v;, ki, q@; can be flipped with trivial effect on the analysis.
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Figure 4: Multi-head linear attention with separate low-rank key and query exhibits saddle-to-saddle dy-
namics, with the duration of plateaus depending on the rank R. Solid black curves are loss trajectories from
six random initializations. Dashed gray lines mark the loss values predicted by Equation (24) at nine fixed
points, which are £L(My), L(M1), -, L(Myg) from top to bottom. The four panels differ only in the rank
of the key and query weights. Here D = 8, N = 32, H = 9, A has trace 1 and eigenvalues \g oc d 1.

After the model has undergone D plateaus, it converges to the global minimum fixed point, Mp, and
approximately implements principal component regression in context with all D components, which is least
square regression. Thus, the linear attention model with either merged or separate key and query undergoes
different training dynamics but converges to the same global minimum solution.

S Linear Attention with Separate Low-Rank Key and Query

The linear attention model with separate rank-R key and query shares many behaviors with its rank-one
counterpart. For loss landscape, linear attention with rank- R key and query has the same 27 fixed points in
the function space as its linear counterpart, corresponding to the model implementing in-context principal
component regression with a subset of all D principal components (see Appendix E.3).

For training dynamics, the loss trajectories differ slightly depending on the rank R. We plot the loss trajec-
tories with input token dimension D = 8 and different ranks R = 1,2,4,8 in Figure 4. For R = 1, the
loss exhibits plateaus at eight values £(M,,) (m = 0,1,---,7). For R = 2, the loss exhibits plateaus at
four values £(M,,) (m = 0,2,4,6), and either brief plateaus or no plateau at the other four values. For
R = 4, the loss exhibits conspicuous plateaus at only two values £(M,,) (m = 0,4). To summarize, with
rank- R key and query, the loss trajectory exhibits conspicuous plateaus at value £(M,,,) for m that divides
R.

The difference in the loss trajectories arises from the structure of the model defined in Equation (S). Each
attention head has a single value weight v; that is associated with all R pairs of key and query weights in
that head, k; ,,q;» (r = 1,---, R). During a conspicuous plateau, a new value weight escapes from the
unstable zero fixed point and grows in scale. Once the value weight has grown, it leads to larger gradient
updates for all the key and query weights in that head, speeding up their escape from the zero fixed point.
Hence, in the rank-R case, a conspicuous plateau occurs when m divides R, corresponding to learning a
new head from small initialization. Brief or no plateau occurs when m does not divide R, corresponding to
learning a new pair of key and query weights in a head whose value weight has already grown, as shown in
Figure 8. See Appendix E.4 for more details.
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6 Related Work

6.1 Theory of Linear Attention

Recent theoretical research on linear attention has investigated its expressivity (Vladymyrov et al. 2024;
Gatmiry et al. 2024), learnability (Yau et al. 2024), loss landscape (Mahankali et al. 2024; Yingcong Li et al.
2024), convergence (Zhang et al. 2024a,b; Ren et al. 2024; Fu et al. 2024), and generalization (Wu et al.
2024; Mahankali et al. 2024; Duraisamy 2024; Lu et al. 2024; Abedsoltan et al. 2024; Frei and Vardi 2024).
The seminal work by Zhang et al. (2024a) analyzed the gradient flow training dynamics of linear attention
to prove convergence guarantees, showing what the model converges to at the end of training. Our work
also analyzes the gradient flow training dynamics but goes beyond existing convergence results to describe
the entire training process. Moreover, we study multi-head attention with merged or separate key and query
weights, while Zhang et al. (2024a) focused on single-head attention with merged key and query.

6.2 Theory of Training Dynamics In Attention Models

Another line of recent research studied the training dynamics of softmax attention models, revealing stage-
wise dynamics that reflects various phenomena across different settings. These phenomena include the
increasing rank of weights (Boix-Adsera et al. 2023), the formation of an induction head (Nichani et al.
2024; Siyu Chen et al. 2024b; Wang et al. 2024), shifting attention to tokens with high co-occurrence with
the query (Tian et al. 2023), learning new tasks in a multi-task dataset (Siyu Chen et al. 2024a), learning
features with different probabilities of appearance in the dataset (Y. Huang et al. 2024a), or learning higher-
order interactions among input tokens (Rende et al. 2024; Edelman et al. 2024). Given the intractability of
softmax attention training dynamics in general, these studies made certain assumptions to enable theoretical
analyses, including restricted weights (Boix-Adsera et al. 2023; Siyu Chen et al. 2024a; Rende et al. 2024;
Edelman et al. 2024), specifically chosen datasets (Y. Huang et al. 2024a), and a simpler layer-wise training
algorithm in place of standard gradient descent (Tian et al. 2023; Nichani et al. 2024; Siyu Chen et al. 2024b;
Wang et al. 2024). In comparison, our work leverages the linear attention model without softmax operation,
enabling us to study in fine detail the dynamics of standard gradient descent training without restrictions
on weights. Namely, we derive an analytical time-course solution and a reduction of high-dimensional
dynamics to a one-dimensional ordinary differential equation for the two models we study. Furthermore, we
characterize how parametrization (i.e., merged or separate key and query, and rank of the separate key and
query weights) impacts the loss landscape and training dynamics, an aspect not previously examined.

7 Discussion

We studied the gradient flow training dynamics of multi-head linear attention and demonstrated how it
acquires in-context learning abilities in training. We begin with a simple setting of linear attention with
merged key and query trained for in-context linear regression, following the setting in seminal works (Von
Oswald et al. 2023; Ahn et al. 2023; Zhang et al. 2024a). We show an abrupt loss drop in training and give an
analytical time-course solution in the case of a white input token covariance and small initialization.

However, a single abrupt loss drop does not fully capture the development of in-context learning abilities
in training practical transformers, where the abilities continue to develop throughout training (Xia et al.
2023; Park et al. 2024). We thus extend our analysis to a parametrization closer to the attention in practi-
cal transformers, that is attention with separate key and query. In the separate case, we find that the loss
exhibits saddle-to-saddle dynamics with multiple abrupt drops. The in-context learning ability evolves pro-
gressively, manifesting as implementing a principal component regression algorithm in context with the
number of principal components increasing over time. Building on prior findings showing that transformers
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Figure 5: Dynamics of in-context and in-weight learning in linear attention. The training set is the same
as the in-context linear regression described in Section 2.1 except that we fix a certain portion of the task
vectors w to elicit in-weight learning. The model is multi-head linear attention with merged key and query.
Left: Training loss, in-weight learning test loss, and in-context learning test loss of linear attention trained
on a dataset with 60% of task vectors fixed. Right: Training loss of linear attention on datasets with different
portions of fixed task vectors. The portion is denoted by color and labeled in the legend. Corresponding test
loss trajectories are provided in Figure 10. Here D =4, N =32, H =8, A =1/D.

can implement different forms of in-context learning (Bai et al. 2023; Lampinen et al. 2024), we show that
different forms of in-context learning can indeed emerge in gradient descent training. By identifying the
in-context algorithm at different times in training, we characterize how the linear attention model develops
increasingly sophisticated in-context learning abilities over time.

7.1 Future Direction: Training Dynamics of In-Context and In-Weight Learning

In this work, we focused on the training dynamics of in-context learning abilities. Other than in-context
learning, attention models can also learn in weight, that is solving the task by memorizing the map between
the query input and the target output without using the information in context. The arbitration between
in-context and in-weight learning may depend on the properties of the training data (S. Chan et al. 2022).
To focus on the dynamics of in-context learning, we considered a purely in-context learning task, which is
in-context linear regression with the task vector sampled from a zero-mean standard normal distribution,
w ~ N(0,I). Since memorizing any particular task vector does not effectively decrease the loss, linear
attention develops only in-context learning ability during training, as shown in Figure 10a.

If the task vector w follows a different distribution, the training dynamics involves the development of both
in-context and in-weight learning abilities. When fixing a portion of the task vectors and sampling the rest
from N(0, I), we find that the linear attention model first learns in weight and then learns in context, as
shown in Figure 5 (left). We vary the portion of fixed task vectors and plot the training loss trajectories in
Figure 5 (right) and the test loss trajectories in Figure 10. The larger the portion of fixed task vectors, the
lower the loss the model can achieve by memorizing the fixed task vector in weight. We indeed observe the
training loss and in-weight learning test loss are lower right after the first abrupt loss drop when the portion
is larger. Future research can build on our findings on the dynamics of in-context learning and explore its
interactions with in-weight learning.

7.2 Implications for Future Theory

In our analysis, we draw connections between linear attention and multi-layer linear networks, which allow
us to employ the rich theoretical machinery built for linear networks (Baldi and Hornik 1989; Fukumizu
1998; Saxe et al. 2014, 2019; Arora et al. 2018; Ji and Telgarsky 2019; Atanasov et al. 2022) to help
understand linear attention. We mainly leverage these connections to understand the training dynamics of
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linear attention. Beyond training dynamics, many other theoretical results for linear networks can be readily
applied to linear attention through the equivalence we draw. For example, the convergence guarantee for
multi-head linear attention trained on in-context linear regression tasks can be obtained from the convergence
proofs for deep linear networks (Arora et al. 2019; Shamir 2019). In contrast, without the equivalence,
Zhang et al. (2024a) previously obtained a convergence guarantee for single-head linear attention, which
required highly non-trivial derivations. Hence, we believe the connections we draw are useful in enabling
the applications of theory from one architecture to the other.

Additionally, our results on linear attention with merged versus separate key and query reveal that the
parametrization choice significantly impacts the loss landscape and training dynamics. This comparison
can motivate future research concerning landscape and dynamics to examine how the phenomena may or
may not be influenced by the parametrization choice.
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Appendix

A Additional Related Work

A broader body of theoretical literature have explored the transformers training dynamics but addressed
different problem from ours, such as the effect of initialization (Makkuva et al. 2024), convergence results
(Song et al. 2024; R. Huang et al. 2024), sample complexity guarantees (Ildiz et al. 2024), scaling limits
(Bordelon et al. 2024), and implicit regularization (Ataee Tarzanagh et al. 2023; Tarzanagh et al. 2024;
Julistiono et al. 2024; Vasudeva et al. 2024; Sheen et al. 2024). Other studies considered special training
regimes, such as the neural tangent kernel regime (Jang et al. 2024) and the mean-field regime (Kim and
Suzuki 2024). A few works focused on vision transformers (Jelassi et al. 2022; Jiang et al. 2024; Y. Huang
et al. 2024b). In contrast, our works focuses on characterizing the process of training and the development
of in-context learning abilities over time.

B Additional Preliminaries

B.1 Data Statistics

Recall that we use 3 to denote the in-context correlation between x,, and y,, in a sequence X, as defined in
Equation (8). We additionally denote the in-context covariance of x,, in a sequence as A

1N
A= > oz, (28)
n=1
We can thus write X X T /N as a block matrix
iXXT _ [~ (mqm;— + N Tn®y ) N Dn Tnln| _ %mqm; +A B (29)
N - 1 E ol 1 Z 2 = T TA :
N 2n YnTy N 2mYn B w Aw
Due to the definition of the in-context linear regression task, we have that
B8 = Aw. (30)

We will need a second-order statistics of A,

E (A2) —E (;f i mnm1> 2

n=1
1 N
= WE Z mnmzmn/azl—, + Zmnmga:n:c;lr
n#n' n=1
N —
N -1 1
= A+ — (2A% +tr(A)A
AT+ 5 (247 T ex(A)A)
A+tr(A)T
— A2+ L()A (31)
N
We note that the eigenvectors of E (AQ) are the same as those of A, whichare e, -- ,ep,
. 1 tr(A) 1 tr(A)
E(AZ) eq = <1+N> A2ed—|— N Aey; = |:<1+N) )\Z—f- N Ad| eq.
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We denote the eigenvalues of IE(A2) corresponding to eigenvectors e, --- ,ep asay,--- ,ap. These eigen-

values are given by
1 tr(A) 1+tr(A)/ A

The matrix IE(AQ) can be expressed through its eigen-decomposition, which will be useful in later deriva-
tions:

D
E (A2) - dzg ageqe)) . (33)

B.2 Initialization

For linear attention with merged key and query, we initialize the entries of the value and the merged key-
query weights as

v ~ N(0,wdy /H), UP ~ N(0, w2y /HD?). (34)

At initialization, the following /2 norms are

H H
> w2 D IUR ~ O(win). (35)
i=1 i=1

For linear attention with separate rank- R key and query, we initialize the entries of the value, key, and query
weights as

Ui ~ N<07 wi2nit/H)7 kzd,r ~ N(07 wignit/HRD)7 qgr ~ N(O, wi%lit/HRD)' (36)
At initialization, the following ¢? norms are

H H R H R
S 02 SOS kP S0 g 12 ~ Ofwim). (37)
=1

=1 r=1 i=1 r=1

B.3 Kronecker Product

The Kronecker product, denoted as ®, is defined for two matrices of arbitrary sizes. The Kronecker product
of the matrix A € RP*? and the matrix B € R"** is a block matrix of shape pr x gs

ajp - aig apnB - a1 B
AB=|: .. ! |®B= : :
Gp1 -+ Qpg aprB -+ apeB
Based on the definition, it holds for any pair of column vectors a and b
a®b=vec(ba').

We quote some properties of the Kronecker product to be used in our derivations:

(cA)® B=A® (¢cB) =c¢(A® B) for any scalar c, (38a)

(A9 B)' = A" ® B" for any matrices A, B, (38b)

Y TT=A"QbBb or invertible matrices A, B, C

AB) '=A"1'9 B! fori ibl ices A, B (38¢)
(A B)(C® D)= (AC)® (BD) for compatible matrices A, B,C, D, (38d)
(BT ® A)vec(M) = vec(AMB) for compatible matrices A, B, M. (38e)
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C Linear Attention with Merged Key and Query

C.1 Justification for Zero Blocks Assumption

We prove our claim that v; and w; in Equation (7) remain zero throughout training if their initialization is
Zero.

Proof. The bottom right entry of AT TNy (X)) is given by Equation (7), which is

H
A 1 2
Yq Z (’U;r (A + qum(I) Ui+ B Ui + v Bul + inTAwuzT> Zq
i=1

If we initialize v;, u; = 0, 7, is
H H
S B'Ux =w'A U
Uqg = vB Uixy = w vUjzg.
i=1 i=1

We now calculate the gradient updates of v;, u; and prove their gradients are zero if their initialization is
zero. The gradient update of v; contains E(w), which is zero as defined in Equation (3). Specifically, we
have, from Equation (10),

T™; = E [(yq — Jq) <<A + ]i[:cqm;> U, + ﬂuj) mq]

H
A L1
(wmq —w'A) :viUimq) (A + qu(j> inq]

i=1

H
. - 1
= ]Ew<'w)TE [(:Bq — A E UiUiJJq) (A + NCCqCCqT) inq]
=1

=0. (39)

=E

Note that we separated the expectation of w because of the independence between w and all x tokens.

The gradient update of v; contains [E,, <wTAwa) , whose entries are linear combinations of third mo-
ments of the zero-mean normal random variable w, and are thus zero. Specifically, we have

Tu; = E {(’Uz—rﬁ + vinAw) (yg — gq)mq}

H
vifwTAw (meq —w'A E viUimq> :L'q]
i=1

H
U; (ZI}q - A Z UiUZ’CL'q> IIZq]

=1
—0. (40)

=E

= Ew ('wTA'w'wT> E
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C.2 Gradient Flow Equations

We here derive the gradient flow dynamics for linear attention with merged key and query given in Equa-
tion (13).

For linear attention with merged key and query, the prediction for the query output can be written as g, =
'wQT W z due to Equation (11). Based on the gradient flow training rule in Equation (10), the gradient flow
dynamics is

TWl =E [wg (yq — wQTW1z> zT] = wo (IE (yqu) — w;WlE (zzT>) ,
-
Ty = E [Wl (yq —w] le) z} - w, (E (yqu) — w] WiE (ZZT)) :
which was introduced in Equation (13) in the main text.

C.3 Fixed Points

To find the fixed points, we set the gradients in Equation (13) to zero
TW1 = wy (E (yqu> — wJWlE (zzT)) « 0,
TWy = W1 (IE (yqu> — w;WﬂE (zzT)>—r o 0,

which yield the two manifolds of fixed points introduced in Equation (14) in the main text:

wy =0 W, =0 = M():{'WQZO,leo}a

E (yqu) — w] WiE (zzT) -0 = M,= {wQ, Wilw, Wy =E (yqu) E (zZT>_1} .

C.4 Duality of the Global Minimum Solution

We here prove the second equality in Equation (16), that is

E (yqu) E (zzT)_l z=0" (A + A—l—tNr(A)I> - xg.

This equality implies the intriguing duality that the linear regression solution in the cubic feature space of z
is the in-context linear regression solution in the x,,, ¥, token space for each sequence.

Proof. We first calculate the input and input-output correlations in the cubic feature space. We denote
A =E (mqm;). While A, = A, this equality is not used in this proof.

We substitute in 2 = x, ® 3,8 = Aw and use the properties of the Kronecker product listed in Ap-
pendix B.3 to obtain

“ T
= Evec (A:Bq:BT>
= vec(AA,)". (41)
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Similarly, we have
E(227) =E [(, 2 B)(z; 27|
—E [(2,2;) ® (887)]
= E(wqqu) @ E(Aww' A)
—A,QF (AQ)

(42)

A AI
:Aq®<A2++tr()A)’

N

where we substituted in E (AZ) obtained from Equation (31) into the last equality. Using Equation (38c),

the inverse of E (zzT) 18

-1 A AI

E (zzT> = A;l ® <A + —H—}\};()> At (43)

Multiplying Equations (41) and (43) finishes the proof

A+tr(A)I
N

.
= vec KA + A+tr(A>I> A‘lAAqu_l} (z, ©B)

E (yqu) E (zzT)_l z=vec(AA) A, @ <A + ) ANz, ® B)

N

<A L ArEn AT tr(A)I) 1] T (z,® B)

= vecC

N

~1
=37 (A + Attr(A)T t}\}:(A)I> 4.

C.5 Analytical Time-Course Solution for White Covariance

We include a derivation of the time-course solution of two-layer fully-connected linear network with white
input covariance and vanishing initialization following Saxe et al. (2014), and then apply it to linear atten-
tion. With vanishing initialization, the conserved quantity given in Equation (17) is exactly zero throughout
learning,

’lUQ’w;— — W1W1T =0.

Hence, there exists a unit norm vector rm such that Wi, = wym . With the assumption of white covariance,
E (zzT) = alp2, Saxe et al. (2014) and Atanasov et al. (2022) have shown that the unit norm vector m is
parallel with the correlation between y, and z throughout training, that is

E
W, = wng, where m = M (44)

I (yq2) 11

We substitute Equation (44) and the white covariance assumption, E (zzT) = a2, into the gradient flow
dynamics given in Equation (13) and obtain

Ty = womn | (E(yqz) - aw;wgm) = wo ('y - Ozw;wg) ,  where vy = ||[E(y,2)|.
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Notice that the square of the 2 norm of w follows a solvable ordinary differential equation. Let s = 'w; ws.
The dynamics of s(¢) is

T$ = 2w, TWy = 2w, Wy (’y - aw;w2> = 2s(y — as). (45)

We can solve this differential equation by separating variables and integrating both sides,

W L [f2 1, 500 —as(0) _ 2
/S@ S —as)" _/0 FE T I 0G —as) 7

The solution of s(t) is given by

s(t) =
« <e27£ — 1) + ﬁ
The time-course of the total weights is given by
E(y,z)"
wy Wy = s(tym' = s(t)”EEzqz;TH. (46)
q

We now apply this solution to linear attention. If the input token covariance is identity, A = Ip, we calculate
the input and input-output correlations in the cubic feature space according to Equations (41) and (42) and
get

E (yqu) =vec(Ip)T,
14+ D 14D
E (zzT) —Ip® <1 + N> Ip= <1 + N) Ipe.

The parameters in the dynamics of the equivalent two-layer fully-connected linear network are

1+D
a=1+-— 7= |lvec(Ip)| = VD. 47

Substituting Equation (47) into Equation (46), we obtain

vec(Ip)T VDe?VPr
b where s(t) = N OYi,L =
D (1+T)<€ T-l)"‘m

w! Wi(t) = s(t)

Due to the equivalence between linear attention and the two-layer fully-connected linear network given in
Equation (11), we obtain

vec(Ip)T 1 1
ATTNM(X; ) print: = wg Wiz = s(t)\}BD)wq ® 8= ﬁs(t)ﬁTIqu = ﬁs(t)Bqu.
which is Equation (15) in the main text where we have rewritten o(t) = s(t)/v/D.
The time-course of loss can also be expressed in terms of o (¢) as
1+D
L(t) = <1 — 20(t) + (1 + ;) o(t)2> D. (48)
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C.6 Training Dynamics for General Covariance
C.6.1 Early Dynamics Predicts Duration of Plateau

For a general input covariance matrix, the full time-course solution to two-layer fully-connected linear
networks is currently unavailable. Nonetheless, the training dynamics is well understood and we can analyze
the early phase dynamics to estimate the duration of the loss plateau.

In the early phase of training when the loss plateaus, the weights have not moved much away from their
small initialization. The training dynamics of W7 is mainly driven by the first term in Equation (13a), and
similarly for ws in Equation (13b)

TW1 = wy (E (yqu) —wy WiE <zzT>> = unE (yqu) + 0w,
Ty = W) (E (yqu) — w] WHE (zzT>)T = WAE (y,2) + O(wd,).
Thus, the early training dynamics is well approximated by the linear dynamical system
W, = woE (yqu> , 1wy = WIE (y,2).

In the case of nonwhite covariance, the change of variable in Equation (44) is valid in the early phase of
training but no longer valid when the loss starts to decrease appreciably (Atanasov et al. 2022). For the early
training dynamics, we apply the change of variable in Equation (44) and obtain

Ty = wom K (yg2) = ywa.
Recall that s = w2T wo. The early phase dynamics of s(t) is approximately
TS = 27s.
We solve the differential equation and obtain

t= %(ln s(t) — Ins(0)).

Due to small initialization, In s(¢) at the end of the plateau is much smaller compared to — In s(0). Hence,
the duration of the initial plateau of loss, #pjaeaus 18

T 1
Lplateau ~° % In ﬁ (49)

Here, the scalar v is
1= B2 = [E (wegvec(8e])) | = [E (wT e8] |

=2 (AT, )|

=2 (4) B (") B, (2, )

= [[ A% (50)
Substituting Equation (50) into Equation (49), we obtain the approximate duration of the loss plateau
T 1 T 1
t R In = In , on
P2 A2 T 5(0) T 1A win

where we used the definition s(0) = [|w2(0)[|? = w2,
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ATTNM(X) MLP(z) Statistics of Training Data

Epoch 500 vec(U)T] | ] ] ]
during plateau . -~ _ E T
(multi-head) T i I W= 1.1 (") =1 e
vec(Uy) "]
Epoch 6000 | [vec(uy)™] | vec(A™) ~E (ypz )E(z2")
converged . _ W, = =Nl [ ||
(multi-head) )
vec(Ug)]
A~ !~ reshape (]E (yqzi)l]i(zzT)fl)

Epoch 6000
o e |
(in one head)

Figure 6: The dynamics of weights in multi-head linear attention with merged key and query can be pre-
dicted with statistics of the training dataset. We plot the weights at different times in training, correspond-
ing to the loss trajectories in Figure 1 (right). The weights in linear attention (first column) stay close to
the weights in the fully-connected linear network (second column) throughout training. During the initial

plateau, the vectorized key-query weights in attention vec(U),--- ,vec(U;) and the first-layer weight
in the fully-connected network W7 are rank-one and align with the correlation between the output and the
cubic feature input E (yqu) (top row). At convergence, vec(Uy),- -+, vec(U;) in attention and W7 in

the fully-connected linear network are rank-one and align with the linear regression solution in the cubic

feature space E (yqu) E (zzT) - (middle row), which is also the in-context linear regression solution in
the original token space A~! (bottom row) as described by Equation (16). The approximate equality in the
third column is exact when the sequence length N — oo.

C.6.2 Weights Dynamics

For a white input covariance, the training dynamics reduces to a scalar ordinary differential equation about
s(t) given in Equation (45). For a general input covariance, the vector 1 in the change of variable defined in
Equation (44) rotates during training. As shown in the top row of Figure 6, during the initial loss plateau, the
rows of the first-layer weight align with the input-output correlation [ (yqu) but do not change appreciably
in scale (Atanasov et al. 2022). Later, when the loss decreases rapidly, the first-layer weight grows in scale

and rotates to align with the global minimum solution, E (yqu) E (zzT) ' The alignment and rotation
behaviors apply to the rows of the first-layer weight in the fully-connected network, corresponding to the
merged key-query weights in the different heads in linear attention, as shown in Figure 6.

D Linear Attention with Separate Rank-One Key and Query

D.1 Justification for Zero Blocks Assumption

This is a special case of linear attention with separate rank- R key and query. The proof for the more general
rank- R case can be found in Appendix E.1.

D.2 Gradient Flow Equations

We here derive the gradient flow dynamics for linear attention with separate rank-one key and query intro-
duced in Equation (19).

Based on the gradient flow training rule in Equation (10), the gradient flow dynamics for the value, key, and
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query weights in the i-th head are

ri; = k] E (B(yq _ gq)qu) g, (52a)
i = vE (Bly, — 7)z; ) 4 (52b)
rd = viE (4(y, — 5,)8" ) K (52¢)

We calculate the common term in Equation (52), that is

H
E (B(y — oo, ) =E [ﬂ <wqu = _uiB kig! wq> Ty ]
i=1
H
A T AL T T
Aww (I - ZviAkiqi > x T,
i=1

) (A) Eo (wa) Ez, (a:qa:;) —E (A'waA) i Uikz’qz‘Tqu (a:qa:;)
i=1

=K

—A2_E ([\2) 3 vikiqs A (53)
=1

Substituting Equation (53) into Equation (52), we arrive at the same equations as Equation (19) in the main
text

To; =k (A2 —-E (A2> ZH: vikiq A) qi,
/=1
Tk = v; <A2 —-E <A2> i Ui'ki/q;—/\> q;,
i'=1
T4 = v; <A2 “A i vikiq) E ([\2)> k;.

i'=1
where the data statistics [E (AQ) is calculated in Equation (31).
D.3 Validity of Fixed Points

We prove that the fixed points given in Equation (21) are valid.

Proof. When the model is at a fixed point in set M(S,,), it satisfies Equation (23). Equation (23) can be
rewritten using ag4 (defined in Equation (32)) as

H )\d
EjikiT:Ejf T 55
Z':lrv qz adeded ( )
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Using Equations (33) and (55), we can simplify a common term in the gradient descent dynamics in Equa-
tion (19) to

<A2) Zvl q A = Z)\deded Zad/ed/ed, Z zdededA

d'=1 deSm
= Z)\deded - Z Ageqe] A
deSm
= Z )\deded. (56)

d¢Sm

Substituting Equation (56) into Equation (19), we obtain the gradient flow dynamics when the model is at a
fixed point in M(S,,)

i =k [ Y Nesej | ai, (57a)
d¢Sm

thi=v; | Y MNeaey | @, (57b)
d¢Sm

Tq; = v; Z Negey | ki (57¢)
d¢Sm

(i) For the heads with a nonzero value weight, v; # 0, the key and query weights at a fixed point satisfy
condition (C2) for Equation (21), that is the key and query weights lie in the span of {e4}4es,, and
thus can be written as

= ) bsea, ba€R, (58a)
deSH

= Z Cq€d, Cq € R. (58b)
dESm

Substituting Equation (58) into the gradient flow dynamics given in Equation (57), we obtain

T’l)i = k; E )\?ledeg Z Cqgr€eqr = 0,

d¢Sm d’eSm
Tki = V; Z )\?Zede;lr Z Cqgeqr — 0,
d¢Sm d'eSm
Tq; = V; Z )\?lede:ir Z bpeg =0,
d¢Sm d'€eSm

where we have used the fact that e;lr ey = 0if d # d’, because eigenvectors of the covariance matrix
A are orthogonal.
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(i1) For the heads with a zero value weight, v; = 0, the gradients of the key and query weights in Equa-
tions (57b) and (57¢) contain v; and are thus zero, k; = 0, g; = 0. Further, the key and query weights
of a head with a zero value weight satisfy condition (C3) for Equation (21). Without loss of gener-
ality, suppose that g; lies in the span of {e;}4cs,,, that is g; satisfies Equation (58b). Substituting
Equation (58b) into the gradient of v; given in Equation (57a), we obtain

f]i = k;l— E /\Zede;— E Cqgreqr — 0,

d¢Sm d'ESm
where we have again used the fact that eigenvectors of A are orthogonal.

Hence, when the model has weights specified in Equation (21), the gradients of the weights are zero, mean-
ing that the fixed points are valid. |

D.4 Loss Value at A Fixed Point

We derive the loss when the model is at a fixed point in set M (S,,), where the loss is given by

B 1+tr(A)/Ag) "
LIM(Sp)) =tr(A) = > g (1 ) (59)
deSm
Equation (24) in the main text follows directly from Equation (59) when taking S, = {1,2,--- ,m}.

Proof. We substitute Equations (33) and (55) into the mean square loss and obtain

Ad .
—E|lw'z, — 2w Aege ! x
q d€q Lq
aq

Ad 2 AJ =
=E |z | I- Z —dAede; Eow(ww') | I — Z —dAede;lr x,
d desy,

Ad + A
=E ar:qT I - Z —dAededT I— Z aTjAedeI T,

aq
L deSn, deSm,
- 2
Ad & Ad
=F m;— I-2 Z a—Aede;lr + Z (]—Aede(—ir Tq| - (60)
dESm d deSn, d
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Since A is independent of x,, we can calculate the expectation of the purple and teal terms first,

d T Ad T i T
E Z (L—Aeded = Z —Aeqe; = Z —deded,
d€Sm @ dESm dESm
2-.
M A2 Aaddr 4 R
E Z ;dAede; =K Z .2 —5€4e, AAeded + Z adad, Aedeged/e},A
€Sy ¢ | deSm d d,d' €S dtd 4%
A2 < a
= Z —gede;—E (AA) eqe) +0
I
A > T, T
= eqe ageg ey eqe
5 Mol S avenciea]
deSm @ d'=1
)\2
= Z a—dede;.
d€Sm @
Substituting them back into Equation (60), we get
= y ,
LM(Sn)) =E |z, Z —eded + Z —eded x,
I des, 1 d€Sm
- T N
=E |z, [I- Z Zdege, T4
e,
—F T )\dE T
=E(z,z,) - Z . x, q €d€q Tq
€Sy, @
Aot
=tr(A) — —2e,; Ae
EDY o, Ca e
deSm
i
=tr(A) — £
-y A
deSm

We plug in the definition of a4 in Equation (32) and arrive at the desired result:

LIMSn) = tr(A) = )\d)\2< +1+tr(A)/Ad>—

N
deSm
1+ tr(A)/ M)~
Py <1+N
deSm

D.5 Saddle-to-Saddle Dynamics: From M to M,

We denote the time at which the loss has just undergone the d-th abrupt drop as t4(d = 1,...,D), as
illustrated in Figure 7.
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Figure 7: Illustration of ¢1, - - - ,tp. The loss trajectory plotted is one of the trajectories of linear attention
with separate rank-one key and query in Figure 3a. The time t; (d = 1, ..., D) denotes the time when the
loss has just undergone the d-th abrupt drop.

D.5.1 Alignment During the Plateau.

In the initial loss plateau, the weights have not moved much away from their small initialization and thus
the training dynamics are mainly driven by the first terms in Equation (19), which are

TU; = kZTA2qi + O(whiy), (61a)
ki = viA%q; + O(wdy,), (61b)
Tq; = viN*k; + O(wd). (61c)

With a small initialization scale winj, the key and query weights in a head evolve approximately as

d [k] [0 A?] [k
“aila) [ ][] ®

The matrix [ 132 0 ] € R2P*2D hag eigenvalues {AQ, —)\3}5:1, corresponding to eigenvectors
0 A2 €d| 2 |€d 0 A2 €4 . 2| €d .
|:1X2 O]Ld]_)\d €4 ’ A2 0 —€q __)\d —€q ’ d_l’”'7D.
where recall that Ay, eq(d = 1,---, D) are eigenvalues and eigenvectors of A. Hence, the solution to

Equation (62) takes the following form
D
ki(t) 1 T Ad / L) [ea
= — kl i — i t)dt
)] = 30l 0 +aoew (7 [ucar) [

n ;dZD;edT (ki (0) — g;(0)) exp <—)fl /Ot Ui(t/)dt/> [_ezd] .

If v; > 0, the first summation term in Equation (63) grows and the second summation term decays. The key

and query weights k;, g; both grow in size along the directions of the eigenvectors e4. If v; < 0, the first

summation term in Equation (63) decays and the second summation term grows. The key and query weights

ki, g; grow in opposite directions, e; and —e respectively. In either case, the multiplication vikiq; grows
1 T

along eqe,; .
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D.5.2 Reduction to Scalar Dynamics with An Alignment Ansatz.

The dominating term in Equation (63) is the term with the largest positive eigenvalue. In other words, the
key and query weights grow the fastest along the first eigenvector e; and thus are approximately aligned
with e;. Motivated by this insight, we make an ansatz that the key and query weights in a head are exactly

aligned with e; and the rest of the heads are zero*:
ki =q =vey, (64a)
ki:qi:O,UiIO,iZQ,"',H. (64b)

Note that Equation (64) also assumes that the ¢2 norms of k1, q1, v are equal, which is true under vanishing
initialization due to the conservation law in Equation (79). This ansatz can greatly simplify the training
dynamics and provide a good approximation of the true dynamics, where weights in one of the heads grow
in scale with the key and query weights aligning with e, while the rest of the heads remain near zero from
time O to ¢7.

We substitute the ansatz into the training dynamics in Equation (19) to reduce the high-dimensional dynam-
ics to a one-dimensional ordinary differential equation. To do that, we first calculate the common expectation
term in the training dynamics with the ansatz,

H
B (A) S ukal A - 8~ S aseselolere] A = A Marere[t (69
i=1 d=1

where a is the first eigenvalue of E(A2) defined in Equation (32). Substituting Equations (64) and (65) into
Equation (19), we find that the training dynamics of the first head simplify and the dynamics of the rest of
the heads are zero

TV = vlel <A2 Alalelefvf) el = A%U% - Alalv?a

T’;u'l = U% (A2 - /\1611816]—1){’) €] = )\11)181 Alalvi’el,

T4, = vi (A2 AlalelelTv:D e1 = \Nvle; — \ajvies,
0, =0,k;=0,¢;=0,i=2,--- , H.

We further substitute in icl = v1e1, q; = v1e; and find that the high-dimensional training dynamics reduce
to one-dimensional dynamics about v1 (t)

01 = A2v} — Majo}
TU1€1 = )\lvlel — Alalv{’el = TV = )\%U% — Alalv? (66)
7'1')161 = /\%0%61 — /\1&11)?61

Equation (66) is a separable ordinary differential equation. By separating variables and integrating both
sides, we can solve ¢ in terms of v

A2 1
t:/z a 2dU1

8 ‘“ v/ i% vp + ¢/ +1 23/ Fu +1 1
—2V/3tant | X——rn— - — (67)

6 a? \/g fUl'

3 7
>‘1

228 %y +1

*We trivially let the head aligned with e to have index 1.
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Since Equation (67) does not have a straight-forward inverse, we cannot obtain a general analytical solution
of v1(t) in terms of ¢. Nonetheless, we can readily generate numerical solutions and obtain approximate ana-
lytical solutions when v is near its small initialization to estimate the duration of the first loss plateau.

When v; is small, the dominating term in Equation (66) is A\}v7 and thus the dynamics can be approximated
by

1 1
= a2? o = (L |
T A 22 <vz~<o> w(t))

At the end of the plateau, v (¢) has grown to be much larger than v1(0). Hence, the duration of the first loss
plateau, 1, is

-
th~ —5——. 68
1 3201 (0) (68)

D.6 Saddle-to-Saddle Dynamics: From M., to M, 11

In Appendix D.5, we have analyzed the training dynamics from time O to ¢1, during which the model moves
from saddle M to saddle M. We now analyze the general saddle-to-saddle dynamics from time ¢,, to
tms1 (m =0,---,D — 1), during which the model moves from M,, to M, ;1.

D.6.1 Alignment During the Plateau.

Based on our dynamics analysis from time O to £; and by induction, the weights during the m-th plateau
are approximately described by Equation (25). Namely, there are m heads whose key and query weights
have grown and become aligned with the first m eigenvectors while weights in the rest of the heads have not
moved much from their small initialization. Thus, similarly to Equation (57), the heads that are near small
initialization have the following training dynamics

D
o =k ( > /\3%6;) gi + O(wiy),

d=m+1

D
ki = v; ( Z )\?lede;zr) qi + O(wiyy),

d=m+1

D

i 3 ] ) Ot
d=m+1

With a small initialization scale wiy;, the key and query weights in this head evolve approximately as

D
d [k; 0 Q| |k;
it la) =l o] ven= 32 el

. |0
The matrix [Q

2 oD . .
{)\d7 7)\d}d=m+1' The nonzero elgenvalues COHCSPOHd to elgenvectors

0 Q) |eg _ \2 |€d 0 O eq| 5 [ eq B
|:Q O:| |:€d:| a )\d |:ed:| ’ |:Q O:| |:_ed:| o _)\d |:_ed:| ’ d_ m+ 17 aD-
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Hence, the solution to Equation (69) takes the following the form

[Szgﬂ :% i ey (ki(tm) + qi(tm)) exp (i\,ﬁ /t; Uz’(t/)dt/> [ZZ]

d=m+1
1 D T )‘3 ! N 4l €q
#3 O el () - o (-2 [ e jar ) | %4 | (10)

+ i e} (ki(tm) + qi(tm)) {ed] ,

e
d=1 d

For v; > 0, the first term grows and the second term decays with time. The third term does not change with
respect to time.

D.6.2 Reduction to Scalar Dynamics with An Alignment Ansatz.

The dominating term in Equation (70) is the term with the largest positive eigenvalue. In other words, during
the (m+1)-th plateau, the key and query weights that are still near small initialization grow the fastest along
the (m + 1)-th eigenvector e,, 1. Based on this insight, we make the ansatz in Equation (25). This ansatz
can reduce the high-dimensional training dynamics to a one-dimensional ordinary differential equation and
provides a good approximation of the true dynamics, where weights in one of the heads grow in scale with
the key and query weights aligning with e,, 1, while the rest of the heads do not change much from time
tm tO Tppt1.

To calculate the training dynamics in Equation (19) with the ansatz, we first calculate a common term with
the ansatz

H D m
. A
2 2 T 2 T d, T .3 T
A —FE (A ) g 1 vikig; A = A" — dg 1 aqeqeg (E 1 a—deiei + Um+1€m+16m+1> A
1= — 1=

m
2 2 T T 3
= A°— E /\deded —)\m+1am+1em+1em+1vm+l (71)
d=1

By substituting Equations (25) and (71) into Equation (19), we find that the dynamics for the heads with
index ¢ # m + 1 are zero

;i =0,k =0,¢;=0,i#m+ 1.
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For the head with index ¢ = m + 1, the dynamics reduce to one-dimensional dynamics about v;(t)

m

2T 2 2, T T .3

TV = V; €41 (A — g Ajeqe; — )\m+1am+1em+1em+lvi> em+1
d=1

2 5
=A +1'U )\m+1am+lv'
ki = =0 [A* =) A] — et 1Vy
Tk = TV €p 1 = U deded m+1am+lem+lem+1vi €m+1
2 5
= )\m+11)~ €Em+1 — Am—‘,—laﬂn—l—lvi €m+1
2 T T 3
Tq; = TU€mi1 = (& (A E by d€d€q — Am—l—lam-l—lem—&—leerl'Ui) €m+1

2 5
= )\m+1vi Em+1 — A’rn—&-lafm—l-lvi Em+1
. 2 2 5
= TU = A1V — At 1Gm1v; (72)

Equation (72) is the same ordinary differential equation as Equation (66) modulo the constant coefficients.
Therefore, with the same analysis, we can estimate the duration of the (m + 1)-th loss plateau.

When v,,,,1 is small, the dominating term in Equation (72) is \? +1v and thus the dynamics is well ap-
proximated by

1 1
TOmil = Apy1Umsr = L—tn = 2T ( - ) .
A1 \Um+1(tm)  Um41(t)

At the end of the plateau, vy, 41 (tm,+1) has grown to be much larger than v,,, 11 (¢,,). Hence, the duration of
the (m + 1)-th loss plateau is

-
t L 73
e A2, 1Vt (tm) 73

We note that the Equation (73) involves vy, +1(t,,), which depends on the random initialization and the
dynamics from time 0 to ¢,,,. This explains why we observe the variance of ¢,, increases with a larger m,
that is the timing of a later abrupt loss drop varies more across random seeds as shown in Figure 3a.

D.7 Weight Configuration with Minimal L2 Norm

We prove that Equation (25) with v,, ;1 = 0 is the weight configuration with minimal #2 norm that satisfies
Equation (23). To do this, we find the weight configuration with minimal ¢? norm satisfying a general
equality constrain and apply the solution to Equation (23).

Consider the equality constrained optimization problem
H
minimize » v} + |[kil|* + [l
i=1

H
subject to Z UikiqiT =A
i=1

where A is a positive semi-definite matrix.
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Proof. We use Lagrange multiplier to solve this equality constrained optimization problem. First, we con-
struct the Lagrangian function L(M) where the Lagrange multiplier M € RP*P is a symmetric matrix

o H
> (02 + kil + laill?) + vec(M) Tvec <A 2 vikia! )
i=1

=1
H
M (A - Zvlqu;I—)]
=1

Differentiating the Lagrangian with respect to all the variables and setting them to zero, we get

N | =

H

(
> (W7 + llkill® + llail*) + £x
=1

L(M) =

N |

oL _ vi —k, Mq; =0 (74a)
a’UZ'
oL
L
oL _ q; —viMk; =0 (74¢)
0q;
H
oL T
M A — ;vzkzqi =0 (74d)

One possible solution is that the value, key, and query weights in a head are all zero
v; =0,k; = q; = 0. (75)
If the weights are not zero, we can substitute Equation (74c) into Equation (74b) and get
ki = viMgq; = v Mk;,

which implies that k; is an eigenvector of M? and thus an eigenvector of M. Let us denote k; = | k;||e
where e is a normalized eigenvector of M with eigenvalue 7). Substituting k; = || k;||e into Equations (74b)
and (74c) and rearranging, we get

1
ki =q; =vie, v; = . (76)

We now try to solve the Lagrange multiplier M. Multiplying Equation (74c) by qiT on the right and sum-
mingover: = 1,--- , H, we get

H H
i=1 =1

Suppose that the query weight g; in the j-th head is nonzero and aligns with a different eigenvector of M
than gq;. By multiplying Equation (77) by qu on the left, we find that g; is an eigenvector of A

H
a] Y aial =q) MA = |lg;|*q] =nq] A
=1

T T
vl =qf A
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where we have used the fact that eigenvectors of a symmetric matrix are orthogonal to each other. Hence,
Equation (76) suggests that the nonzero key and query weights are eigenvectors of matrix A and vf’ is equal
to the corresponding eigenvalue.

For the optimization problem, the weights in each head must satisfy either Equation (75) or Equation (76).
The optimal solution is that there are H — rank(A) heads with zero weights and rank(A) heads with
nonzero weights. The nonzero heads have weights

1

ki = q; = Vi€, Uy = fz‘g) 1= ]-7 T )rank(A)7 (78)

where &;, e; are eigenvalues and eigenvectors of A. The indices of heads can be trivially permuted. The
signs of any two among v;, k;, g; can be flipped without affecting the optimization problem. |

We apply the solution in Equation (78) to find a weight configuration with the minimal ¢? norm that satisfies
Equation (23). Equation (23) can be rewritten as Equation (55), namely

H

§ k T _ E )\d T
ViRiq; = ;eded.

i=1 d

deSm

The matrix on the right hand side has rank m and eigenvalues and eigenvectors \g/aq, €4 (d € Sy,). Thus,
the weight configuration with minimal ¢2 norm has (H — m) heads with zero weights and m heads with
nonzero weights. The nonzero heads have weights

1 1

i1 1 A)/A\ 3

ki:qi:vieivvi:<)\d> :)\Z3<1+_‘_tr()/)\> , 121,,m
ad N

This is the same weight configuration as Equation (25) with vy, 11 = 0.

D.8 Conservation Law

The gradient flow dynamics of linear attention with separate rank-one key and query in Equation (19) implies
a conservation law. The value, key, and query weights in a head obey

d d

= (kTR —ala) =0, = (kTki—02) =0, 19
Under small initialization, the quantities k, k; — g, g; ~ 0 and k;' k; — v? =~ 0 are small at initialization
and remain small throughout training. Thus, the conservation law enforces the ¢?> norms of the value, key,
and query to be approximately the same throughout training, ||k;||* ~ ||q:||* ~ v?.

We here prove that Equation (79) holds regardless of the choice of the loss function.

Proof. We can use the generic gradient flow equation in Equation (10) to calculate the gradients of k:zT ki, qiT q;,
and vl-z ,

Ak k; dk; ac dg ac
L okl T 9k [ —kS ) —9F ( — k. Bq.
dt Lt ( " dg, dki> ( g, P zq

quql T dql T dL dgq d/ T T
P )Y = 9F ( — =gz k;
dt 4i dt 4i dy, dg; dy)qv 4i Tq¥i

dv? dv; ac dj ac
L= 29— =2E ( —v; 1) =2 ( ———v;8" kiq;
a U ( i g, dvi> ( dgquﬁ 4 mq)
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We see that the gradients of k:lT ki, q;r q;, and vf are equal, regardless of the specific choice of the loss
function £. Hence, the following conservation law holds for any loss function:

d (szk @ ql> — 0, jt (ka ) —0.

dt
|
E Linear Attention with Separate Low-Rank Key and Query
E.1 Justification for Zero Blocks Assumption
We initialize v; = 0,k;, =0(: =1,--- ,H,r = 1,--- , R), and prove that they will stay zero throughout

training.
Proof. The bottom right entry of the output of linear attention with separate rank- R key and query is

Uq = ATTNs(X)p41,8+1

[1 (:cq T+Z iy n) ]{/annyn} {km kivR]

& >, Yn® 32 | ki o kir -
9 R

R R R R
< (A + 3T ) > kirgl, +0iB" > kiral, 0B kirql, +viwTAwd qu> x
r=1 r=1 r=1 r=1

If we initialize v; = 0, k; , = 0, g, is

H R H R
- T T TA T
Yq = Z Z UiIB ki,rql‘,rmq =w A Z Z Uiki,rqfi7rmq'
i=1r=1 i=1r=1
We now calculate the gradient updates of v; = 0,k;,, = 0 and prove their gradients are zero if their

initialization is zero. The gradient update of v; contains E(w), which is zero as defined in Equation (3).
Similarly to Equation (39), we have

R R
. R " 1
T0; = E [(yq — yq) <<A + ququ) Z ki,rqz‘Tr + 8 Z ki,erTr) qu]
H R
=E [(wTa:q — w ZZ quz qu> (A + :Bq > Zkl rq; rwq]

=1 r=1

( AEI::ER: ”qlrmq> <A+ —xx )kaqzrmq]

:Ew( )

=0.

The gradient update of k; ;- contains [E,, <wTAwa>, whose entries are linear combinations of third mo-
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ments the zero-mean normal random variable w, and are thus zero. Similarly to Equation (40), we have

Tki,r =K [(UZTIB + fuin[\w> (yq — @q)q;,ra:q}

H R
=K vinAw ('meq —w'A Z Z viki,r/q;/wq> qiTﬂ,mq]
i=1r'=1
R
= Eqyw (fwTA'wa> E |v; (:cq - A Z Z viki,,n/q;/mq> qiT,T:nq]
i=1r'=1

=0.

E.2 Gradient Flow Equations

Based on the gradient flow training rule in Equation (10), the gradient flow dynamics of linear attention with
separate rank-R key and query is

R R H R
rii =Y kLE (ﬁ(yq - yq)m(j) @ =Y ki, ( 2_E (A2) Y3 vikm/q;,A> s, (802)
r=1 r=1 i=1r'=1
] A R
rhi = 0B (B, — 502, ) @i = v <A2 ~E(A?) Y2 viki,r/qZT/A> @i (80b)
=1 r’'=1
H R A
Tqir = vik{,E (B(yq — 0g)Ty) = vi <A2 —A Z Z Vi ki B (A2>> ki (80c)
=1 r'=1

where: =1,--- ,H,r=1,--- | R, and the data statistics E (A2> is calculated in Equation (31).

E.3 Fixed Points

We use M (S,,) to denote a set of fixed points that correspond to learning m (m = 0,1, --- , D) out of the
D eigenvectors,

M(Sp) = {01;1{, Wi, ch:QH

conditions (C1)-(C3) are met} , 81)

where the set S, specifies the indices of the learned eigenvectors,
Sm C{1,2,--- D}, |[Sn| =m. (82)
The three conditions for Equation (81) are:

(C1) The heads sum up to fit the eigenvectors with indices S,;,

H R -1

_ 1+ tr(A)/)\d
22 vikirgir = D A <1 L ) B (83)
i=1 r=1 deSm,

(C2) For heads with a nonzero value weight, v; # 0, k;,,q;, (r = 1,---,R) all lie in the span of
{ed}des,,-
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(C3) For heads with a zero value weight, v; = 0,

R
YD Nikleaeqdir = 0. (84)

r=1 d¢Sm

With the same reasoning as Appendix D.3, one can show the weights satisfying these three conditions have
zero gradients and thus are fixed points. Though conditions (C1,C3) do not explicitly specify the weights,
they are feasible conditions. One possible weight configuration that satisfies all three conditions is to let
kir,qi, (r # 1) be zero and let v;, k; 1, g;,1 be the same as the fixed point for linear attention with rank-one
key query, where the low-rank case falls back into the rank-one case. Therefore, the fixed points described
in Equation (81) are valid and feasible. Linear attention with separate rank-R key and query has the same
2P fixed points in the function space as its rank-one counterpart.

E.4 Saddle-to-Saddle Dynamics

1.o—j — Loss [ £(Mo) 1.0 FL£(Mo)
v
0.8+ 0.8
0.6 / L(My) 0.6 — Loss [£(M1)
_—
0.4 f L(My) 0.4 rL(My)
0.2 [:EM:«;; 0.2 —LEng
T L(My LM,
0.0 T 0.0 y 0.0 y
0 2500 5000 0 2500 5000 0 2500 5000
Training steps ¢ Training steps ¢ Training steps ¢
@R=2 bR=3 o R=4

Figure 8: Loss and value weights trajectories. The setting is the same as Figure 3b except different ranks
R = 2,3,4. In the rank-one case in Figure 3b, value weights in four heads grow, each corresponding to
an abrupt loss drop from £(M,,) to L(M,4+1) (m = 0,1,2,3). In the rank-R case, a new value weight
grows big from small initialization when the loss decreases from £(M,,) to L(M,,,11) for m that divides
R.Here D =4, N = 32, H = 5, and A has eigenvalues 0.4,0.3,0.2,0.1.

R=3 R=5 R=6 R=T7
—— Simulations  +-++ Theory —— Simulations ++=+ Theory —— Simulations  +-++ Theory —— Simulations -+ Theory

0.0 0.0 0.0 0.0
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Training steps ¢ (x10%) Training steps ¢ (x10%) Training steps ¢ (x10%) Training steps ¢ (x10%)

Figure 9: Loss trajectories. Same as Figure 4 but with ranks R = 3,5,6,7. Here D = 8, N = 32, H = 9,
A has trace 1 and eigenvalues \g oc d~ 1.

For linear attention with rank- R key and query, the gradient updates of the key and query weights in Equa-
tion (80), l'cijr, gir, include the factor v;, which is the shared across ranks » = 1,--- , R but unique to each
head. In linear attention with rank-one key and query initialized with small weights, the weights in a head,
vi, ki, q;, escape from the unstable zero fixed point to drive the first abrupt drop of loss. Similarly, in the
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rank- 2 model, the value weight v; and a pair of key and query weights k; ,., g; » in a head escape from the
zero fixed point to drive the first abrupt drop of loss.

However, the subsequent dynamics differ between the the rank-one and rank-R models In the rank-one
model, the loss will undergo a conspicuous plateau until weights in a new head, v;/, k;/, g (i’ # 1), escape
from the zero fixed point to grow. By contrast, in the rank-R model (2 > 1), the loss will plateau briefly
or not plateau because a new pair of key and query weights in the same i-th head, k; ,+, g, ,» (r’ # r), can
quickly grow to drive the loss drop. A new pair of key and query weights in the i-th head grows faster than
the key and query weights in a new head, because the value weight in the i-th head, v;, has already grown
during the first abrupt loss drop. Since the gradient updates of all key and query weights in the ¢-th head
include the factor v;, a larger value weight leads to larger gradient updates for the associated key and query
weights. We plot the value weights with D = 4 and ranks R = 1,2, 3,4 in Figures 3b and 8 to show: the
loss drop after a conspicuous plateau corresponds to a new value weight escaping from zero, while the loss
drop after a brief plateau does not.

We plot the loss trajectories with D = 8 and different ranks in Figure 9 to complement Figure 4 in the main
text.

E.5 Conservation Law

The gradient flow dynamics of linear attention with separate key and query in Equation (80) implies a
conservation law. The value, key, and query weights in a head obey

< (kLR —ala) =0, & (Zk - ) 0. (85)

We here prove that Equation (85) holds regardless of the choice of the loss function.

Proof. We can use the generic gradient flow equation in Equation (10) to calculate the relevant gradients

dk; ki, dk; dc dy dc
— = ok = R (k[ 1) =2E ( ———wvik/,Bq,, 86
dt 1,7 dt ( 7 d:gq dki;]‘) < dyq v ’LJ”IBqZ,qu ( a)
dg;,qi, dg; ac dg ac
g 2 T (A IR [ — T q — 9F i k 86b
dt ZT‘ dt ( q?, dg:/q dq1,7‘> < dA Uq’Lqu > ( )
dv? dv; d.L dy,
R WL | ) d E:E Tk 86
a < i dg, dw) ( P q“"mq> (86c)

Comparing Equations (86a) and (86b), we see that the following holds regardless of the specific choice of
the loss function £

Akl kiy  dq).qir
e dt

Similarly, comparing Equations (86a) and (86b) with Equation (86¢), we obtain

L dk ki do?
2 . dt’

r=1
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F Training Dynamics of In-Context and In-Weight Learning

For the in-context linear regression task we focused on in the main text, we sample the task vectors for all
training sequences from a standard normal distribution, w ~ N(0,I). In this case, the linear attention
model only develops in-context learning ability as shown in Figure 10a.

In Figure 10, we let the task vector for some of the training sequences be fixed and sample the rest from a
standard normal distribution to elicit in-weight learning ability. We plot the training loss, in-context learning
test loss, and in-weight learning test loss for varying portions of fixed task vectors in Figure 10. Unlike
Figure 10a, the dynamics of in-context and in-weight learning dynamics interact and possibly compete
when there are training sequences with a fixed task vector.

Technically, the consequence of fixing some of the task vectors is that Equations (39) and (40) break. In
other words, we cannot assume the certain blocks of the value and the merged key-query matrices are zero
as in Appendix C.1. Without the zero block assumption, the linear attention model implements

H N
. - 1 1
Ug = Z ('UZT <A + qu:ch) U; +vi8'U; + v, Bu] + iy Z yiuj) . (87)
=1 n=1
Equation (87) include not only a linear map of the cubic feature z = vec(ﬁach) but also linear maps of

additional features, (A + %wqw;v ® Tq, & 25:1 y2x,. Future work could analyze the gradient descent

dynamics of the model described by Equation (87), building on our results on the dynamics of in-context
learning to incorporate the dynamics of in-weight learning.
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Figure 10: Training loss, in-weight learning test loss, and in-context learning test loss of linear attention
with merged key and query corresponding to Figure 5. The training set is the same as the in-context linear
regression task described in Section 2.1 except that a portion of the task vectors w are fixed. The portion
of fixed task vectors indicates how much training samples can be fitted with the in-weight learning solution,
that is memorizing the fixed task vector. The in-context learning test loss is evaluated on test sequences
whose task vectors are all sampled from A/(0, I). The in-weight learning test loss is evaluated on test
sequences whose task vector is the same fixed task vector from the training set. Here D =4, N = 32, H =
8, A=1/D.
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