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Linear transformation of embedding matrix
Artetxe et al (2018)

• Let X be the word embeddings matrix

• Let Xi be the embedding of the ith word in the vocabulary

• The dot product sim(i , j) = Xi · Xj is a measure of the
similarity between the ith and the jth word

• Define the similarity matrix M(X ) := XX> so that
sim(i , j) = M(X )ij ⇒ first order similarity

We can also define a second order similarity measure:

first order: How similar are wi and wj?
second order: How similar are the contexts of wi and wj?

We can even define a third, fourth or nth order similarity

Idea: Some higher order similarities might be better at capturing
specific aspects of language.
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• Define the first order similarity matrix as
M(X ) := XX> so that sim(i , j) = M(X )ij

• Define the second order similarity matrix as
M2(X ) := M(M(X )) so that sim2(i , j) = M2(X )ij

where M2(X ) = XX>XX>

Define the n-th order similarity matrix as
Mn(X ) = (XX>)n so that simn(i , j) = Mn(X )ij

Instead of changing the similarity measure, we can also change the
word embeddings themselves through a linear transformation so
they directly capture this second or n−th order similarity



Linear transformation of embedding matrix
Artetxe et al (2018)

Definition: M2(X ) := M(M(X ))

M2(X ) = M(M(X ))
= M(X )M(X )>

= XX>(XX>)> (AB)> = B>A>

= XX>X>>
X>

= XX>XX>



Linear transformation of embedding matrix
Artetxe et al (2018)

Definition: M2(X ) := M(M(X ))

M2(X ) = M(M(X ))

= M(X )M(X )>

= XX>(XX>)> (AB)> = B>A>

= XX>X>>
X>

= XX>XX>



Linear transformation of embedding matrix
Artetxe et al (2018)

Definition: M2(X ) := M(M(X ))

M2(X ) = M(M(X ))
= M(X )M(X )>

= XX>(XX>)> (AB)> = B>A>

= XX>X>>
X>

= XX>XX>



Linear transformation of embedding matrix
Artetxe et al (2018)

Definition: M2(X ) := M(M(X ))

M2(X ) = M(M(X ))
= M(X )M(X )>

= XX>(XX>)> (AB)> = B>A>

= XX>X>>
X>

= XX>XX>



Linear transformation of embedding matrix
Artetxe et al (2018)

Definition: M2(X ) := M(M(X ))

M2(X ) = M(M(X ))
= M(X )M(X )>

= XX>(XX>)> (AB)> = B>A>

= XX>X>>
X>

= XX>XX>



Linear transformation of embedding matrix
Artetxe et al (2018)

Definition: M2(X ) := M(M(X ))

M2(X ) = M(M(X ))
= M(X )M(X )>

= XX>(XX>)> (AB)> = B>A>

= XX>X>>
X>

= XX>XX>



Linear transformation of embedding matrix
Artetxe et al (2018)

• Define the second order similarity matrix as
M2(X ) := XX>XX> so that sim2(i , j) = M2(X )ij

where M2(X ) = M(M(X ))

• Define the n-th order similarity matrix as
Mn(X ) = (XX>)n so that simn(i , j) = Mn(X )ij

Instead of changing the similarity measure, we can also change the
word embeddings themselves through a linear transformation so
they directly capture this second or n−th order similarity



Linear transformation of embedding matrix
Artetxe et al (2018)

• Define the second order similarity matrix as
M2(X ) := XX>XX> so that sim2(i , j) = M2(X )ij

where M2(X ) = M(M(X ))

• Define the n-th order similarity matrix as
Mn(X ) = (XX>)n so that simn(i , j) = Mn(X )ij

Instead of changing the similarity measure, we can also change the
word embeddings themselves through a linear transformation so
they directly capture this second or n−th order similarity



Linear transformation of embedding matrix
Artetxe et al (2018)

• Define the second order similarity matrix as
M2(X ) := XX>XX> so that sim2(i , j) = M2(X )ij

where M2(X ) = M(M(X ))

• Define the n-th order similarity matrix as
Mn(X ) = (XX>)n so that simn(i , j) = Mn(X )ij

Instead of changing the similarity measure, we can also change the
word embeddings themselves through a linear transformation so
they directly capture this second or n−th order similarity



Linear transformation of embedding matrix
Artetxe et al (2018)

• Let X>X = QΛQ> be the eigendecomposition of X>X

• Λ is a positive diagonal matrix whose entries are the
eigenvalues of X>X and Q is an orthogonal matrix
with their respective eigenvectors as columns

Define the linear transformation matrix W = Q
√

Λ

Apply W to the original embeddings X ⇒ X ′ = XW

M(X ′) = M2(X ) X ⇒ transformed embeddings X ′ capture
the second order similarity as defined for the original
embeddings
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= (Q>)> · Σ> · U> · U · Σ · Q> U orthonormal

= Q · Σ> · Σ · Q> Σ Diagonalmatrix mit
√

EW

= Q · Λ · Q>
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More generally

• Define Wα := QΛα

where α is a parameter of the transformation that adjusts to
the desired similarity order:

first order similarity α = 0 ⇒ M(XW0) = M(X )
second order similarity α = 0.5 ⇒ M(XW0.5) = M2(X )
n-th order similarity α = (n − 1)/2 ⇒ M(XWα) = Mn(X )
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Linear transformation of embedding matrix
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More generally

• Define Wα := QΛα

where α is a parameter of the transformation that adjusts to
the desired similarity order:

first order similarity α = 0 ⇒ M(XW0) = M(X )
second order similarity α = 0.5 ⇒ M(XW0.5) = M2(X )
n-th order similarity α = (n − 1)/2 ⇒ M(XWα) = Mn(X )



Linear transformation of embedding matrix
Artetxe et al (2018)

• Assuming that the embeddings X capture some second order
similarity, it is possible to transform them so that they capture
the corresponding first order similarity

• One can easily generalise this to higher order similarities by
using smaller values of α

⇒ Parameter α can be used to either increase or decrease the
similarity order that we want our embeddings to capture

⇒ α can be continuous



Linear transformation of different embeddings
Artetxe et al (2018)



Linear transformation of different embeddings
Artetxe et al (2018)



Lessons learned for intrinsic and extrinsic evaluations
Artetxe et al (2018)

• Standard intrinsic evaluation is static and incomplete

⇒ Intrinsic evaluation not a good predictor for performance
in downstream applications

⇒ Systems that use embeddings as features can learn
task-specific optimal balance between the two axes
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• Data and Code

• Code for Artetxe etal. (2018): https://github.com/artetxem/uncovec
• The MEN dataset https://staff.fnwi.uva.nl/e.bruni/MEN
• Datasets for word vector evaluation https://github.com/vecto-ai/word-benchmarks

https://github.com/artetxem/uncovec
https://staff.fnwi.uva.nl/e.bruni/MEN
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